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Abstract

In this paper, following the theory of quasi-determinism of Boccotti [Boccotti P. Wave mechanics for ocean engineering. Oxford: Elsevier
Science.], the necessary and sufficient conditions, for the occurrence of two successive wave crests of large heights in a gaussian sea, are
given. It is proven that the first two-peaks part of the autocovariance function y(7) describes the structure of two successive-wave patterns.
As a corollary, it is shown that the tail probability of the joint distribution of two successive wave crests is given by a bivariate Weibull
distribution. The Weibull parameter is equal to y; = (T3 )/¥(0). Here, T, is the abscissa of the second absolute maximum of the
autocovariance function y/(7). The analytical results are in agreement with Monte Carlo simulations. Finally, as an application, the maximum
expected wave crest pressure in an undisturbed deep water waves is evaluated by taking into account the stochastic dependence of successive

wave crests.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The theory of quasi-determinism for the mechanics of
linear wave groups was derived by Boccotti in the eighties,
with two formulations. The first one [1-3] enables us to
predict what happens when a very high crest occurs at a
fixed time and location (see also [4-10]); the second one
[11-14] gives the mechanics of the wave group when a very
large crest-to-trough height occurs. The theory, which is
exact to the first order in a Stokes expansion (Gaussian sea),
is valid for any boundary condition (for example either for
waves in an undisturbed field or in reflection). The theory
was then verified in the nineties with some small-scale field
experiments [15,16], both for waves in an undisturbed field
and for waves interacting with structures. Boccotti [14] then
proposed a complete review of the theory. He showed that
both the highest wave height or the highest wave crest are
different occurrences of the space-time evolution of a well
defined wave group. Thus, the two formulations are
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congruent to each other. An alternative approach for
the derivation of the quasi-determinism theory was
proposed by Phillips et al. [17,18], who also obtained a
field verification off the Atlantic coast of the USA. The first
formulation of the theory (derived only for the time domain)
was also given by Tromans et al. [19], who renamed the
theory as ‘New Wave’.

In this paper the theory of sea states is summarized first,
then the second formulation theory of quasi-determinism is
revisited, in order to emphasize the key steps of the proof of
Boccotti. In his theory, setting #( as an arbitrary time instant,
H the wave height and 7% as the abscissa of the absolute
minimum of the autocovariance function y¥(7T), Boccotti
showed that as « =H/c — o the condition

ni) =5 and e +T == M
becomes necessary and sufficient for the occurrence of a
wave of height H (being ¢ the standard deviation of the
surface displacement 7). As a corollary, in the limit of o —
oo, Boccotti derived that the probability of exceedance of
the wave height follows the Weibull distribution (see also
[20,21])

Pr(H > o) = exp [— 2

o? }
41 +y" |
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Here, y* is the narrow-bandedness parameter defined as
the absolute value of the quotient between the first absolute
minimum and the absolute maximum of /(7).

Following Boccotti ([11,14]), the necessary and suffi-
cient conditions for the occurrence of two successive wave
crests of very large given height are provided. It is also
proven that the first two-peaks part of the autocovariance
function Y(7T) describes the structure of two successive-
wave patterns. As a corollary, it is shown that the tail
probability of the joint distribution of two successive wave
crests is given by a bivariate Weibull distribution. The
analytical results are then validated by Monte Carlo
simulations. Finally, as an application, the maximum
expected wave crest pressure in an undisturbed deep water
waves is computed.

2. The theory of sea states

According to the theory of sea states, to the first order in a
Stokes expansion, a time series of surface displacements
1(t), recorded at a fixed point at sea, is a realization of the
stationary ergodic stochastic Gaussian process

N
() = acos(wit + &), 3)
i=1

Here, it is assumed that frequencies w; are different from
each other, the number N is infinitely large and the phase
angles ¢;, uniformly distributed in [0, 27t], are stochastically
independent of each other. Furthermore, all the amplitudes
a; satisfy the frequency spectrum S(w) defined as

2 A A
S(w)AwZZ%’ wiE(w—Tw,w-i-Tw). &)

The jth order moment of the spectrumis m; = f /' S(w)dw.

0
In particular my= o?, where o is the standard deviation of 7(f).
The autocovariance function (7) can be evaluated as

w(T) = JS(w)cos(wT)dw.
0

In the context of ocean waves the JONSWAP spectrum
[22] is adopted in the following form

-5 —~4
S(w) = Agzw;S (g) exp [—% <wi> ]
p p

: 1 _(w—wp)’ ©
eXpyq In 7y €xp m .

Here, w, is the peak frequency, A is the Phillips
parameter, v is the enhancement coefficient. For typical
wind waves one can assume y =3.3 and x,=0.08. For y=1
and A=0.0081 the Pierson-Moskowitz spectrum is recov-
ered. Note that other wave processes, to the first order in a

Stokes expansion, can be expressed as in Eq. (3) with
appropriate choice of the spectral coefficients {a;};—; -
Note that the moments of the JONSWAP spectrum exist as
far as m; implying only the existence of the first-order
derivative of the stochastic process 7(f). By cutting off the
high-frequency tail of the JONSWAP spectrum, one can
define a new spectrum over a compact support and all the
moments then exist implying the existence of all the higher
derivatives of ¥(7T) and consequently the (m.s. stochastic)
differentiability of 7(r) to any order. As pointed out by
Boccotti [see [14], p. 294] ‘the high frequency term does not
alter the crest elevation, nor the trough depth, nor the time
interval between the crest and trough, nor the wave period.
It simply ruffles the wave surface with a lot of very small
ripples’. In the applications, the JONSWAP spectrum S(w)
can be considered in the frequency range w €[0, 6w,] when
the interest is in the analysis of the wave crest, wave trough
or wave height.

3. The theory of quasi-determinism

Let us consider the surface displacement n(¢) at any fixed
point (xp, yo) in a Gaussian wave field. Setting 7y as an
arbitrary time instant, H as the wave height and T* as the
abscissa of the absolute minimum of ¥(7), Boccotti [11,13]
showed that the condition (1) is necessary and sufficient for
the occurrence of a wave of height H as «=H/c— . The
condition (1) is sufficient because as a« — o the conditional
p-d.f.

H

H *
p|ntto +T) = u/n(t) :Eﬂ)(fo"‘T ) == (6)

tends to a delta function o[u —7(¢y + T)] centered at

H () —W(T—T")

Mo D=3 00—

)

This implies that as « — oo, given the condition (1), with
probability approaching one, the surface displacement
n(to+T) tends to the deterministic form 7(¢y + 7). This is
a wave profile with wave height H, having a crest
of amplitude H/2 at T=0 and a trough of amplitude H/2
at T=T*.

In order to show that condition (1) is also a necessary
condition, Boccotti derived the analytical expression for the
expected number per unit time EX(«, 7, §) of local maxima
of the surface displacement n(f) with amplitude £o which
are followed by a local minimum with amplitude (¢ — 1)«
after a time lag 7. He showed that as a— o in the
domain (7, &) there exists an O(a~ ') infinitesimal
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neighborhood (67, 0¢) of (T*, 1/2) such that
EXw.(,7.8)

1 1
_JEX a,T*,E exp —g(K:572+K§552)a2

0 elsewhere

Here, K7 and K; are constants and EX,, (a, 7, &) is the
expected number per unit time of local maxima of the surface
displacement 7(f) with amplitude £« which are followed by a
local minimum with amplitude (§ — 1)« after a time lag 7,
where the local maximum and the local minimum must be the
crest and the trough of the same wave, respectively, (the
subscript s.w. stands for same wave). Thus, a local maximum
of dimensionless amplitude o/2+ ¢ followed by a local
minimum of dimensionless amplitude a/2 — 6§ after a time
lag T*+ 07 has almost the same maximal expectation as a
local maximum with amplitude o/2 followed by a local
minimum of amplitude «/2 lagged in time by 7* in the limit
of a«— . But a local maximum and a local minimum of
amplitudes /2 lagged in time by 7% are also the crest and
trough of a wave because condition (1) is sufficient. Hence,
condition (1) is also necessary in the limit of o« — .

As a corollary, Boccotti showed that the wave height
distribution p(a) (see also [20,21]) admits the following
asymptotic expression

S8

1
JEX (o, 7,6)d7dE
0

plo) = EX,

0[2
_2U+wﬂﬂpPM1+VJ
as o — oo,

Here, y¥* =—y(T*)/Y(0) is the narrow-bandedness

parameter and
1 my

EX; =—,/— 9

=3\ )
is the expected number per unit time of zero up-crossing of
the surface displacement. For narrow-band spectra y* — 1,
whereas broad-band spectra are characterized by y* << 1.

4. The occurrence of two successive wave crests of very
large heights

4.1. Sufficient conditions

In the following, the theory of quasi-determinism of
Bocecotti is extended to study the occurrence of two very
large successive wave crests. Consider the probability

density function of the surface displacement 7(f), at any
fixed point (xg, yo) in a Gaussian sea, given the conditions

n(ty) =hy and n(ty +T3) = hy. (10)

Here, 1, is an arbitrary time instant, 4; and h, are crest
amplitudes and T; is the abscissa of the second absolute
maximum of the autocovariance function ¥(7) (see Fig. 1).
The p.d.f. of n(¢) at time #y+7, given conditions (10) is
Gaussian, i.e.

pIntto + T) = uln(ty) = hy, 0ty + T5) = hy]
L S et + DP
\/2ma? P 20¢

where the conditional mean 7.(#o+7) is given by

ne(ty +T) = CrY(T) + CU(T —T5) Y

and the coefficients C; and C, are given by

c =h1¢(0)—h21//(T2*) =h2¢(0)—h11//(T2*)
! Y20) —yX(T5) 2TYR0)—YATY)
(12)

The conditional variance o2 admits the following

expression

ﬁ_l_WGﬂwﬁrﬂb—waww—Hﬂ%{

> Y2(0) —yA(T3)
(13)

It follows that o, <o since Y(T5)/¥(0) is smaller than
unity by definition. This implies that, in the limit of /,/o —
o and hy/g— o the ratio o./n.(to+7T) approaches zero,
since 9.(fo+T)— o and o, is bounded by the unconditional
standard deviation ¢. Thus, all the realizations of the
Gaussian sea satisfying conditions (10), with probability
approaching one, tend to the deterministic profile n.(to+T7)

15

n(®
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Fig. 1. Two successive wave crests lagged in time by 7 .
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for very large crest heights, i.e.

pln(ty +T) = uln(ty) = hy,n(ty + 15 ) = hy]
— olu—n.(tg +T)] as ﬁ and @—> 00,
g g
The conditional mean n.(fy+7), [see Eq. (11)] represents a
wave structure of two successive wave crests lagged in time by
T5 , if certain constraints are given. Note that n.(fo+ T) is alinear
combination of the autocovariance Y¥(7) and the shifted
autocovariance y(T —T5). Since, T=0 and T =T, are the
abscissa of the first absolute maximum and second absolute
maximum of Y(T) respectively, thisimplies that n.(#, + 7) attains
two local maxima at T=0and T = T3 , if both the second order
derivatives at these abscissas are less than zero, i.e.

1.(0)<0 and 4 (T5)<O0. (14)
Some algebra yields
71e(0) = a(—Bo + s81)  7ic(Ty) = a(—B; + sBo) 15)

where Bo=h;/c and By=ho/oc and (the dot denotes time
derivative)

_LAWIUTE) T +9T5)
1 —y*(T5) 1+ y(TH(Ty)
Since, ais always greater or equal to zero, the condition (14) is
fulfilled if

{50,5161& if s<0

. (16)

Here, Q(s) is the open sectorial region of R? with aperture
angle § = 7t/2 —2 tan" ! (s), that is

Q(s) = {(60,61) ER% 1 6,>0,8,> O,s<g;<i}.

Typical JONSWAP spectrum satisfies the condition s>0
withs€[0.14,0.16]. As the spectrum gets narrow the sector Q(s)
tends to cover all Ri, i.e. § — /2, because s approaches zero in
the narrow-band limit. Moreover, since it is assumed that the
autocovariance function y(7) attains only one minimum at
T=T*inthe openinterval (0, T} ) (see Boccotti, [13,14]), the two
local maxima of the wave profile n.(ty+7T) are also
two consecutive wave crests (see Fig. 1). Hence, as §y— o
and §; — oo, conditions (10) are sufficient for the occurrence of
two successive wave crests of very large height within the limits
of constraint (16).

4.2. The Conditions (10) are necessary for the occurrence
of two large successive wave crests

In the following, the notations 7, ny are adopted to
indicate respectively the autocovariance ¥(7) and the
surface displacement n(7). Without losing generality, the
time scale my/,/n1, and the length scale o = | /my are used to
non-dimensionalize Eq. (3) such that the zeroth and the
second order moment of the spectrum are equal to one,

i.e. mo=1 and m,=1. It follows that ¥o,=1 and ¥, = —1.
Consider the expected number per unit time

EX.(Bo. 81, )dBodGd7 7)

of local maxima of the surface displacement 7(f) (at a
fixed location in space) whose elevation is between (5, and
Bo=+dgBo, and which are followed by a local maximum with
an elevation between ; and (;-+dp; after a time lag
between 7 and 7+dr. Following the general approach
introduced by Rice (see [14], pp. 159-162), EX (8o, 81, T)
can be expressed as

00
EX. (8o, B, 7) = J J lz1221p[M0 = Bo, 1o = 0, g
=211, = B1, M, = 0,1j; = 2,]dz,dz,. (13)

Here, pl[no, 7o, fig» N> 117> 1.1 is a Gaussian joint prob-
ability density function. Eq. (18) is rewritten in the form

EXC(ﬂO: 61, T) :P[no = 60’ 770 = O, ﬁT = 07 nr
0 0

= 6] J J 21221 pliio = 21, 71, = 22/M0 = Bo. Mo

—00 —00

= 0» 777' = 0’ Nr = ﬂl]dZIdZZ'

Since, the conditional mean 7, attains two local maxima
at T=0and T = T, , in the limit of 8y— % and §; — « the
following holds

plilo = z1, 11 = 22/mo = Bo, M0 = 0,1, = 0,n, = B]
- 6[Z1 _nc(o)’ | _”Ic(Tz*)]

and this yields the simplification of Eq. (18) as follows
EXC(BO’ 61, T) = p[n() = 60’ 770 = 07 ﬁT = O’ nr

= B1171(0)7jo(T7). (19)

Here, if the joint probability p[ng= By, o= 0,7, =
0,n, = £,] is Taylor expanded with respect to the variable
7 around 7 =T, (see Appendix), this gives

1
2 [1_y2

2m)~, /1 T

B3 + BT —2¥7; B0 K"
21—95.) 2

EXC(ﬂO’ 61’ T) =

-exp

or’ + 0(672)]. (20)

Note that the coefficient K* is greater than zero and tends
to infinity as 8o — o and §; — % (see Appendix). Hence, in
the same limit, from Eq. (20) there exists an infinitesimal
neighborhood oI" of order O(K,) such that Vo7 €8I
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EXc(ﬂO’ 61’ T)

% | -
EX (B0, 81, T3 )exp _EK ot?

0 elsewhere

as Bp— % and B — .
2D

Numerical investigations show that

EXC(605617T2)> | Vr#TE
EX.(8o,B1,7)

Thus, two successive local maxima of dimensionless
amplitude B, and @, respectively, attain the maximal
expectation EX (8, 61, 7) when the time lag between
their occurrence is equal to 7 = T5 . Moreover, from Eq. (21)
a local maxima of a very large amplitude 3, followed by a
local maxima of a very large amplitude (§; after a time lag
T; + o7 or have almost the same maximal expectation as
two local maxima with amplitudes equal to (3, and (3,
respectively, lagged in time by T;. However, two local
maxima of large amplitude lagged in time by T} are also
two successive crests because the conditions (10) are
sufficient. Hence, the conditions (10) are also necessary in
the limit of 8y— o and 3, — oo.

5. The tail probabilities of two successive wave
crest heights

Let us define

EX; (B0, 81, 7)dBodB d7 (22)

as the expected number per unit time of local maxima of the
surface displacement 7(¢) (at a fixed location in space)
whose elevation falls between §, and By+dB, and are
followed by a local maximum of elevation between (; and
(1 +dg, after a time lag between 7 and 7+dr, where both
the local maximum at t=0 and the local maximum at t=7
must be two successive wave crests (the subscript s.c. stands
for successive crests). From the definition of EX. and EX ...
it follows that

EXs.c.(ﬁ@ 61’ T) N

EXoc(Bo, 61, ) S EXcBo, 61,7) 55s 5

as T > x©,

As (g and $;— o, from Eq. (21) it has been proven that
two successive wave crests lagged in time by T, + 67 with
oT €0l are, with probability approaching one, two local

maxima lagged in time by 75 + 67. This implies
EX&C.(BO’ Bl > T)

EX.(80,8,,7) 7=T; +61 61<6
_{ (Bo» 61 2 . 23)

0 elsewhere

The exact expression for the joint probability density
function p(Bo, B1) of two successive wave crests is given by

j EXS.C.(ﬁ()’ ﬁl ’ T)dT

)
P(Bo,B1) = EX, (24)

where EX ;. is defined as in Eq. (9). If 8y and 8, — o0, since
Eq. (23) holds, Eq. (24) simplifies as the following

Bo. ) = L BT |6+ 1 =207 o
PPo- P =57 1Z 7 20-93)

J eXp<_;K*5T2>d(5T). (25)
oreol’

« The integral that appears in Eq. (25) can bounded by
| exp(<(1/2)K*67*)d(67) = 27t/~/K* obtaining the p.d.f.

1+ 39,

Pa(Bo, B1) = —
V2P (1 —y3?)
2_|_ 2_2 *
exp [— Ao w?%ﬁ of 1] /B0 + 58—, + 560)

(26)

where Y5 = Yrs and {5 = @T;. From Eq. (26) the following
upper bound for p.(Bo, 81) is readily derived

1
8(18 ’6 )S
NIV
By + BT 25806
€xp 2(1—y32) V BoBi (27

since (Bp—s061) (61 —sB0) <Bol; and for typical spectra one
can prove that (1+y3¥5/\/—¥5(1—y3%) < 1. Because
the following asymptotic expansion for the modified Bessel
function Iy(y) holds

1 exp(y)
I(y) = —
oy b
setting y = kB,8,/(1 —k?*) in Eq. (28), the upper bound (27)
is the asymptotic expansion of the following bivariate
Weibull distribution

BoB 85 + 61 kol
putio ) = 25 exp| S EEL 1 (FRRL). 9

+o(y™") as y—o w, (28)

Here, the Weibull parameter is k=y;. The bivariate
Weibull distribution has been used by many authors to
model the distribution of successive wave heights in
narrow-band Gaussian seas [23-26] or the distribution of
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successive wave periods [27] and the parameter k is
estimated as

w 2 re 2
| S(u))cos(a)Tm)dw} + {Jﬂ S(w)sin(wT,,)dw
0 0

ky =
my

(30)

with T, = 27t\/my/m, the mean zero up-crossing period. By
means of the theory of quasi-determinism, a bivariate
Weibull law has been derived as a model for the statistics
of successive wave crests. The Weibull parameter k
[see Eq. (29)] is equal to the non-dimensional parameter
Vs = w(T)W(0) with T; the abscissa of the second
absolute maximum of the autocovariance function /(7).

6. Validation

The probability laws p,(8y, 81) and pw(Bo, B1), i.e.
Egs. (26) and (29), are now validated by performing Monte
Carlo simulations with the following spectral form

1
——  Wnjp <w< Wmax
Wmax — Wmin . 31D

0 elsewhere

S(wp) =

Assuming Wmax=1.5w, and Wi, =0.5w,, by means of
Eq. (3), realizations of a Gaussian sea state with the given
spectrum (31) have been generated, with roughly 90,000
waves. In Figs. 2—-4, the theoretical probabilities of
exceedance Pr[8y>xo, 81 > x;] of the asymptotic p.d.f. (26)
and the Weibull p.d.f. (29) are compared to the probabilities
of exceedance derived from the Monte Carlo simulations. As
one can see from the plots, the asymptotic p,(G, 1) and the
Weibull pw(Bo, 81) are respectively a lower bound and an
upper bound of the exact p.d.f. p(By, 61). The distribution
Ppa(Bo, B1) converges to the exact distribution p(Bg, 8;) for
Bo>2 and ;> 2, whereas the convergence of pw(8o, 81) is
attained for Gy>2.5 and ;> 2.5.

7. Application: the maximum expected wave crest
pressure in undisturbed deep water

Consider N, consecutive waves of a sea state with a
typical JONSWAP energy spectrum as in Eq. (5).
The probability that the largest crest height of this set of
N. waves is smaller than a threshold / is equal to the
probability that all N, wave crests are smaller than £, i.e.

Pr(Cpax < h) = Pr(C; <h,Cy < h,...,Cy < h). (32)

Here, C..x is the largest wave crest of the set
{C,.C,,...,Cx }. Assuming that the wave crest heights are
stochastically independent of one another yields

« MC
- - asymptotic
— Weibull

Fig. 2. The probabilities of exceedance: comparison among the asymptotic
p-d.f. p.(Bo. B1), the Weilbull py(By, 61) and the Monte Carlo simulations
for Bo=1.84.

Pr(Cpux < h) = [Pr(C; < W)™ (33)

This expression underestimates the probability that all
the wave crest heights are smaller than /, because it does not
take into account the clustering effect, i.e. if a wave crest is
smaller than £, neighboring crest heights will be more likely
to be less as well due to their dependence. However, the
clustering effect is not expected to involve many
neighboring crests at the high level of 4. In fact, for large
h, the wave crest is the center of a wave group, where we can
expect that one or two waves before, and one or two
waves after, will also be higher than the mean wave crest
(see [14], pp. 177-180). In the following, the probability
that the next wave crest height C;,; is less than h, is
assumed to depend only upon whether the last wave crest
height C; was less, and not upon still earlier wave
crest heights C;_,Cj_»,.... This is a form of a Markov

0.07

0.06 [ By = 2.32

0.05
0.04

o
0.03

0.02 . MC

- - asymptotic

0.01 + — Weibull

B1

Fig. 3. The same probabilities of exceedance as in Fig. 2, for 8p=2.32.
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0.008 N Weibull
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0.004 B\
‘.
0.002 | S
0

Fig. 4. The same probabilities of exceedance as in Fig. 1, for 8,=2.79.

chain (one-step memory in time), which gives for Eq. (32)
the following simplification

Pr(Cpax < h) = Pr(Cy < h)-Pr(C, < hICy < h)
.. .];)I‘(C‘NC < h/CNC—l < h)
=Pr(C; <h) [Pe(C;<hICiy <IN (34)

where Pr(C;<h/C;_1<h) is the probability that a wave
crest height is smaller than & given the condition that
the precedent wave crest is less as well. The probability (34)
can be easily computed since, from Eq. (29)

hla hla

|| pw(Bo.81)dBdB;
Pr(C; < hIC; <h) =22

—exp[ 4 ()]

and
1 /h\*] .
Pr(C;<h) =1—exp|—5 | = j=1,..,N..
’ 2 \o

The maximum expected wave crest C,, can then be
evaluated as (see [14], pp. 177-180)

Cmax = J[l —Pr(Cpax < W)]dA.
0

Observe that C,,, depends upon the choice of the
parameter k of the Weibull distribution (29). As an
application, consider the first-order random wave pressure
in an undisturbed field on deep water at a fixed point in the
sea, given by

Ap(z1) _ W}
Nz 1) = ——= = Z a;exp <—'z) cos(w;t + ¢;). (35)
P8 =1 8

with z€[0, — ). For fixed z, by setting

n=aesn('y)
a; = a,exp\—=z),
8

0.9
0.8
0.7

0.6

0.5

0.4 )
«|zllg

0'3 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Fig. 5. Wave pressure in undistributed deep water: the parameters y*, ¥
and k,,, as a function of the non-dimensional depth wélzl/g.

n(z, t) is a stationary ergodic stochastic Gaussian process
with spectrum

w
—Z

2
S(w;z) = S(w)exp( P )

Here, according to Eq. (4), S(w; z) is defined as

|8y

S(w; 2)dw = Z

W €lw,w+dw]

The autocovariance function ¥(z, T)={n(z, H(z, t+T))
of 7(z, ) can be evaluated by the following integral

©

vz, T) = Js(w;z)cos(wT)dw
0

and the standard deviation of the wave pressure at level z is
readily obtained as o= \/4/(z,0). In Fig. 5 the parameters
V*, Y5 and ky, [see Eq. (30)] are plotted as a function of the
dimensionless depth wf,lzl/g. In Fig. 6 the plots of
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Fig. 6. The maximum expected wave crest pressure k=y*, V5, ky as a
function of the non-dimensional depth w?|zl/g.
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the maximum expected wave crest pressure C,,y, evaluated
using k=3, k=k, and k=0 respectively (N.=200
waves), are displayed. Note that the case of k=0 imposes
stochastic independence among the wave crests, since the
Weibull law (29) reduces down to the product of two
Rayleigh laws. From Fig. 5 one can see that the wave
pressure spectrum tends to become narrow as the depth level
increases, since y* tends to 1. This implies that the
assumption of stochastic independence among the pressure
crests breaks down. As a consequence, the maximum
expected wave crest pressure Cp,, computed with k=0
overestimates the maximum expected wave crest pressure
Conax €valuated using both k =3 and k=k,. (see Fig. 6).
Observe that the maximum expected wave crest pressure
Crmax computed with k= yj3 is slightly more conservative
than the maximum expected wave crest pressure Ci.x

computed with k=k,,, since k,, > 5 (see Fig. 5).

8. Conclusions

The necessary and sufficient conditions for the occur-
rence of two very large successive wave crests are given. As
a corollary, it is proven that the tail probability of the joint
distribution of two successive wave crests is given by a
bivariate Weibull law. Here, the Weibull parameter is equal
to y3 =w(Ty)/Y(0) with T; the abscissa of the second
absolute maximum of the autocovariance function Y/(7). It is
also proven that the first two-peaks part of the autocovar-
iance function ¢(T) describes the structure of two
successive-wave patterns. The theoretical results agree
well with the Monte Carlo simulations. Finally, as an
application, the maximum expected wave crest pressure in
an undisturbed deep water waves is evaluated considering
the stochastic dependence of successive wave crests.

Appendix
The joint probability in Eq. (19) is multivariate Gaussian
and can be expressed as
plno = Bo,mo = 0,7, = 0,1, = 6]
o [ (80,8 )]
= exp|—= 61, D).
@mryipl L 2

Here, f((0,681,7)=wD ™ ' and D is the covariance matrix
of the row vector of variables w = [ng, 19, 11;, 1,] defined as

1 0 VAENVA

0 1 _{/)‘r _¢T
D=

v, ¥, 1 0

v. ¥, 0 1

By Taylor-expanding the function f with respect to the
time lag 7, starting from 7= T, yields

83 + 67 =2y oy

f(ﬂ(),ﬂl’T): 1_ ) +K*6T2+0(672)
T3
where
K" = ———5-1j(0)ij(T7).
1 - Tz*

The parameter K* >0, since the coefficient (f/)T; /1— ¢%2* )
is always neg_gtive (f/)T; < 0 because ¥ attains a maximum at
t=T; and |y 7:| <1 by definition) and #j.(0)ij.(T5) > 0 if
the constraint (16) holds. Note that as §o— % and 3; — «
the coefficient K* goes to infinity.
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