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ACCURACY OF A NUMERICAL SCHEME

Order of convergence  in sup-norm

Valid for  initial smooth conditions

for sharp front initial condition

higher order schemes give “oscillatory behavior”

lower order schemes  (up-wind)    “may work better” 

WHY ???WHY ???



SIMULATIONS

TRANSLATING  TOWERFDM up-wind FDM no up-wind
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SPECTRAL ANALYSIS

Analysis of the kernels 
of a continuous operator

and its discrete equivalent

- Semi-discrete operator (only spatial)Semi discrete operator  (only spatial)

- Discrete operator (spatial+time)Discrete operator  (spatial+time)



THE PURE ADVECTIVE OPERATOR
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SEMI-DISCRETE SPATIAL OPERATOR
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Continuous pure advective operator
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Spatial discretization (Galerkin , Ritz , FDM)

Semi-discrete pure advective operator
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IMPULSE  RESPONSE - SOLUTION
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IMPULSE  RESPONSE - WAVE  VELOCITY
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IMPULSE RESPONSE - GROUP VELOCITY
behaviortimeshortorschemeundamped1≅
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IMPULSE  RESPONSES

11 2
1

2
1)(ˆ

+− +−= ii
i uu

dt
duuL

Central difference FDM

i uuduuL +−=)(ˆ

)()( tJth nn =

ii uu
dt

uL +−1)(

!
)(

n
teth

n
t

n
−=

Up-wind  FDM

11
11

2
1

2
1

6
1

3
2

6
1)(ˆ

+−
+− +−++= ii

iii uu
dt

du
dt

du
dt

duuL

FEM

ωω
ω
ω

π

π

dntthn ∫ ⎥⎦
⎤

⎢⎣
⎡ −

+
=

0 sin6
cos2cos1)(

FEM

[ ] ωωω
π

π
ω dntPeth tR

n ∫ −= −

0

)( )(cos1)(



IMPULSE  RESPONSE - FEM
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IMPULSE  RESPONSE - LOCOM
Partial up-wind
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CONCLUSIONS

-Spectral analysis helps to understand the intrinsic properties 
f ti t d it di t i l tof  a continuous operator and its discrete equivalent  

-the impulse response helps to understand how an initial p p p
disturbance in space is propagated by the operator

-wave velocity and group velocity spectrums intrinsic propertieswave velocity and group velocity spectrums  intrinsic properties 
of a numerical scheme

t l l f l i i di t t ( ti l)- two levels of analysis : semi-discrete operator (spatial)
fully discrete operator  (spatial +time)


